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LINEARLY DEPENDENT.

Solved Example: Given A that the points 2 —2b + 3¢, 23 + 3b —4C,—-7b + 10¢,A, B, C have

Solution. Let A, B, C be the given points and O be the point of reference then

Linear Combinations:

Given a finite set of vectorsa,b,c.,...... then the vector T=x3 + yB + 78+ is called a linear
combination of ,b,¢,...... for any x, y, z..... € R. We have the following results:

Ifa,B are non zero, non—collinear vectors then x5+yf) =x'a+y b=>x=x y=Y

. . = ~
FundamentalTheorem: Leta,b be non zero, non collinear vectors. Then any vectorr coplanare~

with 5,5 can be expressed uniquely as a linear combination of 5,5 E
i.e. There exist some uniquly x, y € R such that x5+yl;:f. cé
Ifa,b,c are non—zero, non—coplanar vectors then: 4
Xd+yb+zE=x'd+yb+z7¢=>x=x,y=y ,z=7 =

©

Fundamental Theorem In Space: Leta,b,¢ be non-zero, non—coplanar vectors in space. Then any gy
o 0]

vector 1, can be uniquly expressed as a linear combination of a,b, ¢ i.e. There exist some unique x,yg

€ Rsuchthatxa + yb +z¢ =T. R
- - - 0
fX,X5,.0nnen X, are n non zero vectors, & k,, k,,..... k, are n scalars & if the linearo
- i 3 2 o
combinationk X, +k,X,+........ k. X, —O:>k1:0,k2=0 ..... k,=0 then we say that
vectorsx,,X, ,...... X, are LINEARLY INDEPENDENT VECTORS. ,0\’
IfX,,Xp e X, are not LINEARLY INDEPENDENT then they are said to be LiNearLy DEPENDENT vectors. i.e. 1':
igklil + kX, +oeeeil. + kX, =0 &ifthere existsat least onek # 0 thenX, ,X, ,...... X, aresaid tog
e
™
ory ¥ s . S
If k= 0; KiX| + KX, + KaXy +.. + k X+ +k X, =0 2
_err = k]Xl + k2X2 + ....... + kr_l.Xr_l +kr+1.Xr+1 + ...... + knxn -q‘;
. 1. 1 R ~ 5
k Xr —_— kl Xl + k X2 + ..... + kr—l'_Xr—l + ..... + kn _Xn N
k k, kr k, k. o
X, fc X+ Xy el +C, X+ C X .. +c X, S
i.e.X, isexpressed as a linear combination of vectors 2
S . y m
X 5 Xp sedernrnnn S SRTD ST X, -
. . - = = - - . —
Hencex, with xlA,xz,....xr_1 X,4----X, formsalinearly dependent set of vectors. ) Rz
: = Ifa =3i'+ 2] + 5k thena is.expressed as a LINEAR ComainaTION Of vectors i, |, k Also,a, i, j,X

é( form a linearly dependent set of vectors. In general, every set of four vectors is a linearly dependenth
yst

i,j,k are Linearly Independent set of vectors. For K, |+K J +K, K = 0=>K,= K=K, _Om

S

Two vectorsa & b are linearly dependent =a is parallel tob i.e.axb=0 = linear dependence 5
ofa & b. Conversely Ifaxb;tO theng & b are linearly independent.
If three vectorsa, B, ¢ are linearly dependent, then they are coplanar i.e.[a, b, ¢]=0, conversely, 2

if[a, b, ¢] = 0, then the vectors are linearly independent.

position vector prove that vectors AB and AC are linearly dependent.

OA =a-2b +3C,0B=23+3b-46 and OC=-7b +10¢
Now AB =p.v.of B—p.v.of A

—OB-O0A =(a +5b—-76)=- AB

. AC = AAB where A =— 1. Hence AB and AC are linearly dependent
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Solved Example: Prove that the vectors 5a + 6b +7C,7a —8b +9¢C and3a +20b +5¢ are linearly

dependent a, b,C being linearly independent vectors.

Solution. We know that if these vectors are linearly dependent , then we can express one of

them as a linear combination of the other two.
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Note:

Solved Example: Prove that four points 23 +3b—¢, a—2b+3¢, 3a+4b—2¢ and a—6b+6¢ are coplanar.
Solution. Let the given four points be P, Q, R and S respectively. These points are coplanar if the vectors PQ ,

= _3-50+45 =X [@+b-C)+y ((a-96-75)=_3-56+45 = (x—=Y) & +(X=9y) b + (=X +7y)

Now let us assume that the given vector are coplanar, then we can write

53 +6b +7C =/(7a-8b +9C)+m (33 +20b +5¢C)
where ¢, m are scalars

Comparing the coefficients of a,b and ¢ on both sides of the equation

5=7¢+3 . i) =-8/(+20m (i)
7=9%+5m . i)
From (i) and (iii) we get ~
1 ~
4 =8/ = (= 5=m which evidently satisfies (ii) equation too. w
Hence the given vectors are linearly dependent . P>
elf Practice Problems : o
Does there exist scalars u, v, w such that ué, +vé, + wé, = i where &, =k, 8, = j+K, 83 =—]+2k ? &
Ans. No <
Consider abase a, b, ¢ and a vector — 23 +3b—¢ . Compute the co-ordinates of this vector relatively to_-
the base p, q, r where p=23-36, G=a-20+G, i ——33+b+25. Ans. (0,-7/5,1/5) g
If 3 and § are non-collinear vectors and A=(x + 4y)a + (2x +y + 1)b and B = (y — 2x + 2)é+g
(2x —3y — 1) p, find x and y such that 3A = 2B. Ans. x=2,y=-1 %
If vectors 3, b,¢ be linearly independent, then show that :(i) 3_25+3G, —2a+3b—43, —b+2¢ areo
o
linearly dependent (i) 3—30+28, —2a—-4b—0¢ s 3a+2b—c arelinearly independent. i
Given that i — J ; ?—2] are two vectors. Find a unit vector coplanar with these vectors and perpendicularlolg
to the first vector f_] . Find also the unit vector which is perpendicular to the plane of the two givenc';
1 o
. . N L. »
vectors. Do you.thus obtain an orthonormal triad” Ans. 2 (i+]); Kk Yes 0
If with reference to a right handed system of mutually perpendicular unit vectors i, ]k a =3T_] g
B=2i+]-3k express f intheform p =, +p, where B, is parallel to'g & B, is perpendicular to a.;q:,'
= 34 1= 3=

Ans. B = J,Bz‘—'+—J—3k £
Prove that a vector Foin space can be expressed linearly in terms-of three non-coplanar, non-null
e e W, o
vectors a,b, ¢ inthe form r = [rbe] a+[r—c_a]_b +lrablc 2
[abc] o

Test Of Collinearity: Three points’A,B,C with position vectors a, B C respectively are collinear, if &C

only if there exist scalars x' y- z.not all zero simultaneously such that; xa+yb+zc =0, where x + yx
+z=0.

. R.

Note: Test Of Coplanarity:  Four points A, B, C, D with position vectors a, b c, d respectively are coplanarw

if and only if there exist scalars x, y, z, w not all zero simultaneously such that xa + yb+zc+ wd = 0 g
where, x +y +z +w=0.

ar|

Solved Example Show that the vectors 23 -b+3¢, a+b-2¢ and a+b—3¢ are non-coplanar vectors.X
Solution. Let, the given vectors be coplanar. :

Then one of the given vectors is expressible in terms of the other two.
Let 23-b+3¢ =X (a+b—2c) +y (a+b—3c), for some scalars x and y.

= 2a-b+3c =(x+y)a(x+y) b+ (2x-3y) ¢

= 2_x+y—1_x+yand3 2x — 3y.

Solving, first and third of these equations, we getx =9 andy = -7.
Clearly, these values do not satisfy the thrid equation.

Hence, the given vectors are not coplanar.

PR and PS are coplanar. These vectors are coplanar iff one of them can be expressed as a lineargy
combination of other two. So, let

PQ =X PR *+Y PS

Teko Cl asses Maths : Suhag R. |

=>X—y=—-1,x-9y=-5 x+7y=4 [Equating coeff. of 3, b, ¢ on both sides]

1
Solving the first of these three equations, we getx=—- -,y = >

2



These values also satisfy the third equation. Hence, the given four points are coplanar.

Self Practice Problems :
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If, 3,b,¢, d are any four vectors in 3-dimensional space with the same initial point and such that

33-2b+¢—2d =0, show that the terminal A, B, C, D of these vectors are coplanar. Find the point at
which AC and BD meet. Find the ratio in which P divides AC and BD.

Show that the vector 3 _p+ ¢, b—&—5 and 25 _3p— 4¢ are non-coplanar, where 3, b, ¢ , are any non-

coplanar vectors. N
Find the value of A for which the four points with position vectors — j—k , 4i+5]+Ak . 3i +9]+ 4k and
Ao o
—4i+4j+4k are coplanar. Ans. A=1 cq';
Application Of Vectors:(a) Work done against a constant force F over a displacement § g
is definedas W=F.5 (b) The tangential velocity V of a body moving in a circle is given
by V=wxT whereT isthe pv of the point P.
v
W
A
r p v

=
opal Phone : 0903 903 7779, 098930 58881.

The moment of F about 'O’ is defined asM = T x F where T is the pv of P wrt'O’. The direction of

is along the normal to the plane OPN such thatf,f: & M form a right handed system.
Moment of the'couple = (f.— T, ) x F where 1,&T, are pv’s of the point of the application of the forces

F&-F.

Solved Example: Forces of magnitudes 5 and 8 units acting inthe directions 6i+ 2j+ 3k and 3i +2j+ 6k
respectively act on a particle whichis displaced from the point (2, 2, —1) to (4, 3, 1). Find the worké
done by the forces. -

Solution. Let F be the resultant force and d be the displacement vector. Then, U:)

_ 5 (61 +2]+3K) (Bi+2j+6K) 1 . . NG

R =" J36+4+9 *° Jora+ae 7 (B91+4i+33) o

and, g = (4i+3j+k) — (2i+2]-Kk) = 2i+]+2k C\D/

Total work done = f . d = — (391 +4]+33K) - (2 +]+2K) %

=l (78+4+66)=munits. !

7 7 o

Self Practice Problems :1. A point describes a circle uniformly in the j, ] plane taking 12 seconds to &

complete one revolution. If its initial position vector relative to the centre is j, and the rotation is fromS
i to j find the position vector at the end of 7 seconds. Also find the velocity vector. Ans. 1/ 2--

A R A R 2]
(V3 i).p12 (-3 £
2. The force represented by 3j 1 ok is acting through the point 5T+4]—3R . Find its moment about the;
point {+3]+K . Ans.  2{-20j-3k 3
3. Find the moment of the comple formed by the forces 5j,+k and _gj_k acting at the pointsﬁ
(9, -1, 2) and (3, —2, 1) respectively Ans. -]j-5k %
Miscellaneous Solved Examples <
Solved Example: Show that the points A, B, C with position vectors 2i—j+k, i—3j—5k and 3i—4j—4k —
respectively, are the vertices of a right angled triangle. Also find the remaining angles of the triangle.
Solution. We have, AB = Position vector of B — Position vector of A
= (i-3j-5k) — (2i—j+k) = —i—-2j—6k

BC = Position vector of C — Position vector of B



= (3i—4j-4k) — (i-3j-5k) = 2i—j+k

and, CA = Positionvector of A— Position vector of C
g = (2i-j+k) — (3i-4j-4k) = -i+3]j+5k
Q Since AB + BC + CA = (-i-2]-6k) + (2i—=j+Kk) + (=i +3j+5k) = 0
% So, A, B and C are the vertices of a triangle.
< Now, BC - CA = (2i—j+k) - (-i+3j+5k) =—2-3+5=0
CQ = BC L CA = Z/BCA = g Hence, ABC is a right angled triangle.
2) Since a is the angle between the vectors AB and AC . Therefore
= AB.AC (- —2j—6k). (i —3]-5k)
Y COSA = 5 33 = 2 2 2 [2 2 2
= |ABIIAC| ~ (12 +(-2)2 +(-6)% {12 +(-38)% +(-5)
-1+6+30 35 35 A . (35
= J1141364119+25 ~ 41435 ~ 41 R )
BA (i+2j+6k) (2i — j+k) 2-2+6
ozscosB: — — = [5 .5 .2 [ 2 > = Ccos B = — = B=cos ,—
= |BA|[BC| ~ V12 +22+62\22 +(-12+ () Vatve ~
8 Solved Example: If 3,b,¢ are three mutually perpendicular vectors of equal magnltude, prove that 5+5+
n is equally inclined with vectors 3,b and ¢ .
o - - - -
) Solution.: Let |[a| = |b| = |c| = A (say). Since a,b,c are mutually
9] .
@© perpendicular vectors, therefore 3.b =b.¢.=¢c.a=0 ... (i)
Lo~ 2
% Now; ‘ atb+c
X - - W A - _
Ii) =a.a+b.b+c.c+2a.b+2b.C+ 2c.a
' =laP I+ B +|CP [Using (i) ]
= 3).2 [~ ]3] = |b}= |E] = 2]
- |é+6+6| =\/§7\, .............. (||)
_g Suppose a+b+C makes angles 6., 8,, 6, /with a,b and ¢ respectively. Then,
8 a.(a+b+¢) a.a+a.5+é.6
) c0SO. = - = - =, = =, =.+= -
' |al|la+b+c| |a|la+b+c|
2 ) | !
c la| El A 1 Using (i
o) = a||a+b+C| ~ |a+b+&| = 4BA T 3 [Using (ii)]
E %)
o - =
> 0, cos \/5
2 - Nl Nl
% Similarly, 6, = cos™ \/5 and 0, = cos” \/5 0,=0,=6,.
o Hence, a+b+¢ is equally inclineded with a,b and ¢
%‘Solved Example: Prove using vectors : If two medians of a triangle are equal, then it is isosceles.
] Solution. : Let ABC be a triangle and let BE and CF be two equal medians. Taking A as the origin, -
5 let the position vectors of B and C be p and ¢ respectively. Then,
1 1 . . 1 . .
'8 PV.of E= - ¢ and, PV.ofF = g BE =  (C-20)
o 1
c CE = = (b—-2¢
S CF = 5 (b-20)
Q Now, BE = CF = |BE| = |CF| A (origin)
D 1 2 1 2
LIJ - _ - - g _ s —’_ —
] = |BE|2—|CF|2:>‘2(C 2b) _‘Z(b 2c) b) - E[E]
oC 1 1 . o o 2 2
L = " |c—2b|2=z |Ib—2¢)> = |c-2b[® = |b-2¢C

=N (G-2b) . (C-2b) = (b—2C) - (b—20)

B(b) D c(c)
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y o
ADEF = N (area of AABC) C\,)/
Solution. Taking A as the origin, let the position vectors of Band Cbe b and ¢ respectively. Then, the S =
1 . 1 ©

position vectors of D, Eand F are — (b c), E nd — b respectively. A (origin) (Q

Now, DE 1z-1 b+¢) = -b Dé’

S TEeTe b TANE £

d nE _ l - l LR — = 2 U:)

an DF =5 b5 (b+¢) = 5 >

= — (2]

v ¢ ADEF 1 . 1 _bX_C B(6) D c(©) <

— == |5 X5 (B+¢) ©

ectorareao > (DExDF) 5 2 2 sz I

1 A ]

1 1 S

= Z(vector area of AABC) Hence, area of ADEF =— area of AABC. ®)

Solved Example: P, Q are the mid-points of the non-parallel sides BC and AD of a trapezium ABCD. Show_c~<>
that AAPD = ACQB 2

= C.C—4b.c +4b.b =b.b—4b.C + 4C.C
= |CPP —4b.C +4 |b]?> = |b]? - 4b.C + 4|C]?
= 3|bfP =3¢ = |b? =|cf
AB = AC Hence, triangle ABC is an isosceles triangle.
: Solved Example Using vectors : Prove that cos (A + B) = cos A cos B —sin Asin B
Solution. Let OX and OY be the coordinate axes and let i and | be unit vectors along OX and N
respectively. Let ZXOP = Aand £XOQ = B. Drawn PL L OX and QM L OX. o
Clearly angle between gp and QQ isA + B S
In AOLP, OL = OP cos A and LP = OP sin A. Therefore | = (OP cos A) j ayd Lp = (OPsinA) (— ]) 8)
Now. OL +LP = OP Q S
= OP =OP[(cosA) | —(sinA)j] i‘A .
In AOMQ, OM = OQ cos B and MQ = OQ sin B. X' il R S o
Therefore, 0 p ; g
OM = (0OQcosB) i, mQ = (0Q sin B) ] g
— P
Now, oM + MQ= 0Q v R
From (i) and (ii), we get y Q
OP - 0Q = OP[(cos A) | —(sinA)j].0Q[(cos B) i + (sin B) j] o
= OP . OQ [cos A cos B — sin A sin B] o5
But, P - OQ = |OP| |OQ| cos (A + B) = OP . OQ cos (A + B) Ny
OP .0OQcos (A +B)=0P.0Q [cos Acos B -sinAsin B] r~
= cos (A +B)=cosAcosB-sinAsinB 8
Solved Example: Provethat in any triangle ABC »
(i) c2=a%?+b?—-2abcosC (i) ¢ = bcosA + acosB. oG ™
— - o
Solution. (i) In AABC, AB + BC + CA =0 »
_ W7 P . o
o, BC+ CA==-AB ... (i) o
Squaring bothisides A B c
. . — g~ o
(BC)*+(CA)*+(BC)- CA +(AB) <
= a2+ b?+2 (BC/CA)=c? = c?=a%+b?=2abcos (n-C) T
= c2 = a? + b?-2ab cosC 8'
(i) (BC+ CA)- AB =~ AB- AB @
BC . AR + CA- AB=-C =
—ac cosB — bc cos A = — ¢? U)

acosB + bcosA = c.

Solved Ex.: If D; E, F are the mid-points of the sides of a triangle ABC, prove by vector method that area of <

Solution. Let AB =p and AD = g

Now DC is parallel to AB = there exists a acalar t sush that DC =tDB =tbh
E = AD + ﬁf = d+tb



FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

Solution.

1 - - . 1
The position vectors of P and Q are > (b+d+tb) and > d respectively.

- . . D C
Now 2A APD = AP x AD
1 - L R
=5 (b+d+tb) xd =5 (1 +1) (bxd) Q P
- 1~ - = o
Also 2A CQB =CQ * CB = {Ed—(dﬂb} x [b—(d+tDb)] A B
1 = 1 .
- {—Ed—tb}X[—dHFt)b] = —5(1—t)d><b+tb><d
= %(1—t+2t)6xa = %(1+t)6><a = 2AAPD Hence the result.

Solved Example: Let U and v are unit vectors and w is a vector such that uxv+u = w and wxu =V then_

find the value of [u v w].

Solution. Given uxv+u = w and wxig=v
= UxV+U) x G=wxd = (GxV) x U+Uxd = V (as, WxU=V)
= (G.G) V—(v.G) u+dxti=v (using G . U =1and Uxd =0, since unit vector)
= V-(V.U0)li=V = @.v)i=0
= u.v =0 (as; U #0)  .oveeeees (i)
= u.(Vvxw)
=U.(Vx(UxV+u)) given w =UxV +U)
= 0. (Vx(0%XV)+Vxu) = 0. ((V+V)U=(V.U)V+Vxu)
= 0. (V] u-0+Vxu) (as; Gi.v =0 from (i)
VPP @d)=g . (xd) =Vl -0 (as,/[u v G}=0)
= (as; [U| = |V| =1) - o v w]=1

Sol. Ex.:In any triangle, show that the perpendicular bisectors of the sides are concurrent.
Let ABC be the triangle and.D, E and F are respectively middle points of sides BC, CA and AB.
Let the perpendicular of D and E meet,at O join OF. We are required to prove that OF is.L to AB. Let the

position vectors of A, B, C with O as origin of reference be a, b and ¢ respectively.

—. 9 R

. - 1 v — 1
-.OD=E(b+c),OE=2(c+a)andOF=2(a+b) A
Also BC =¢ —b,CA =a-c¢ and ag =b -2

1 —

SinceODJ_BC,E(b+c).(c—b)=0 7 E
Sbroctlo S (i) %
‘| - - - - |
SimilarIyE (c+a).(a+c)=0 B D C

=a*=c2 (ii)

from (i) and (ii) we have a2—b? =0

—(a+Db).(b )=0 :%(6+5).(6—a)=o

+
olved Example: A, B, C, D are four points in space. using vector methods, prove that

AC? + BD? + AD? + BC2 > AB? + CD? what is the implication of the sign of equaility.

olution.: Let the position vector of A, B, C, Dbe a,b,¢ and d respectively then

AC? + BD? + AD? + BC? = (G-a). 6-a) + [d-b). [d-b) + (d-3). d-a) + 6-b). c-b)
= 6P +1alf-2a.C +|d2 +|b)P-2d.b + [dP +1af —2a.d+ ISP+ |bP -2
=lal? + |b?—=2a.b +|C]? +|d]? =2¢.d + [al® + |b]? + |C]? + |d?
+2a.b+26.d -23.¢ —2b.d —2a.d — 2b.¢C
- (6-b). (a-b)+ 6-d). €-d)+ E-b-c-d) >AB + CD?
—AB?+CD?+ [a+b-G-d) . (a+b-c—d) <AB?+ CD?
AC? + BD? + AD? + BC? > AB? + CD?
for the sign of equality to hold, a+b-¢—d =0

—

a-c=d-b

= AC and BD are collinear the four points A, B, C, D are collinear
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